Precalculus Individual Test
February 18,2006  Middleton Invitational

For al questions, choice E isNOTA, meaning
“None Of These Answers.”

NO CALCULATOR
All inverse trigonometric functions are one-to-one,
with the standard textbook domains and ranges.

1. Evduate: log,1

A)O B)025 C1 D)4 E)NOTA

2. Let a beaconstant suchthat 0<a<1. The
graph of which of the following yields a vertica
compression of the graph of y= f(x)?

Ay=a-f(x) B)y=¥ ) y=fax

D) y= f (gj E) NOTA

3. How many of the following four functions are
continuous a x=-37?

f(X)=2

3Xx+9

X)=—0r '™
9(x) 2X° +7X+3

2X+1, if x<-3
h(x)=1 .
—X“+4, if x>-3

J(X)=+/%x-3

A)1 B)2 C3 D)4

E) NOTA

4. Evduate: Arccos(cos(%[jj

T

A-Z BE oZ D prota
3 3 3 3

4
5. The horizontal asymptote of f(X) = @
2X°+6

hasthe equation y=P. FindP.

A) —g B)0 C)

N w

D)2 E)NOTA

tall

6. Simplify v , Where xy=0.

A)1 By Ox¥-x* D)x E)NOTA
R
, /N
7. Thegraphof p(x) is all 711
: Pk g
shown to theright. '
Which is the graph of / b
- é
p(|¥)° ‘
A) ~ B) oY ™
b H nd
\ ALY /
J A y.Y J, \\ / Y
SNV -‘-..\\ \'-m-'/
d \ ¥ L
.S
C ot D m
) & n ) "
h / /
\ F. % / A o P, /
=N AN
l N
b

E) NOTA



8. Let A and B be the measures of the acute angles
of aright triangle. If csc(A):\/g,then
evaluate 5¢sc( A)«|cos(2A+B)| .

A)5 B)7 C9 D)11 E)NOTA

3

9. Let M(x)=(x—3)4(3x+0.§)5(§+1j.

Now, let d be the degree of M, let b be the
y-intercept of M, and let ¢ be the leading
coefficient of M. Find the product bcd .

4

A3 B4 C12 D)3 E)NOTA

10. The graph of h(x) istangent to the x-axis at

the point (3, 0). Which of the following could
be the equation of h(x) ?

A) h(x) = (x-3)°
C) h(x) = (x+3)°
E) NOTA

B) h(x) = (x—3)’
D) h(x) =(x+3)’

11. Let f(X)=secx, g(X)=tan™*x, and
h(x) = (f - g)(x) . Which of the following
statements are true ?

I. f(x) isan odd function.
I1. g(x) isan odd function.
[1l. h(x) isan odd function.

A)l&llonly B)ll &lllonly C)l & Il only
D), I, &1l E) NOTA
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12. Find IOQ(WJ’ if logM =7 and N =100.

A)7 B)12 C)245 D)47 E)NOTA

13. How many values of 8 ontheinterva [0, 2r)

N

satisfy the equation sin(36 —0.25r7) = S ?

A)4 B)5 ()6 D)7  E)NOTA

14. Which of the following polar equations could
produce the graph shown below?

A) r =3cos(20)
B) r =3cos(49)
C) r =3sin(260)
D) r =3sin(49)
E) NOTA

15. Evauate (tan ), if 28 lies on the interval
T

12
[2,3] and |cosB| = a3

A-> B g2

D)2 gnNoTA
12 5 12 5
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16. Let h(a) = 400{;“ —1j +2. How many of 19. What isthe domain of h(9) = cotd ?
the following four statements are true? (In the choices, k represents an integer.)
e Theamplitude of his4. A) (o,0)  B){x|x=kr} C) {x| x¢£+k7z}
e Theperiodof h is 3.3. 2
¢ The phase shift of his 1. D) (—o0,—1] U[1, ) E) NOTA

e hisaperiodic function.
A)1 B)2 (€3 D)4 E)NOTA

3 7 17 43 113
20, —+—+—+—+—+
4 16 64 256 1024

17. Emily and Pedro are planning a dinner party, to A)V3  B) ! 0?2 D)e  E)NOTA
) S 4
which they will invite exactly 4 people. Each
guest will be either one of Pedro’s five best
friends (all of them Elvis impersonators), or one
of Emily’s four ninja assassin disciples.
The guest list must include at |east one person

from each of these two groups of distinct
people. How many distinct guest lists are

possible? 21. Evaluate: (3i+2])e (5 —4])
A)102 B)116 C)120 D)126 E)NOTA A) 8(i-] ) B) 8 +2] C) 15i—8]j
D) 17(i - ]) E) NOTA
18. When the polar po| nt (4\/5, &] |S expressed 22.1n tr'angle YUM , m2Y = 1000 , MM = 500 ,
12 and MU =14. Find the area of the triangle, to
using rectangular coordinates, its abscissais the nearest i ntgger. Use the approximations
a+by/c insimplest radical form. shown below, if needed.
Evauatethesum a+2b+c.
A 28 §n50°~~  sn100°~ 22
A)-3 B)1 C5 D)9 E)NOTA ) 9 50
C) 35 . 16 .17
D) 39 cos50° ~ b cos100° ~ ~100
E) NOTA




23. Let f(x)=x*+5x. Findtheaverage rate of
changein f(x) over theinterva [1,3].

A)45 B)75 C©9 D)15 E)NOTA

24. Let g(x) beacubic polynomia with relatively
primeintegral coefficients. If (3—i) and 4 are

roots of g, then evaluate |g(1)|.

A)9 B)15 C)18 D)25 E)NOTA

25. A whedl witha 6 -foot radius rolls along a
T

smooth road. The wheel’s angular velocity is
40 revolutions per minute. Find the wheel’s
linear speed, in miles per hour. Round to the
nearest integer.

A)3mph B)5mph C)7mph D)9 mph
E) NOTA

26. Find the constant term in the expansion of
(2x’3 +x* )7 .

A)84 B)128 C)280 D)560 E)NOTA
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27. To eliminate the xy term of the equation
X* + 2xy + 4y* —5=0, the coordinate plane’s
axes will be rotated through the acute angle6 .

Evaluate cot(209) .

NS B O

D
2 2 )

E) NOTA

N w

28. Decompose —; X+2 into partial fractions,

X2 — 2%% + X
and find the sum of the resultant numerators.

A)1 B)2 C)3 D)4 E)NOTA

29. Find the distance from the point (3, 1) to the line
y=—(0.5x+25).

55

A)V5 B)2v5 C)415 D)TS E) NOTA

30. The equation x® =+/~1 has the solutions
cis(A°), cis(B°), and cis(C°), where
0<A<B<C<360.

Evaluate (A+B+C).

A)360 B)450 C)495 D)540 E)NOTA
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2. (A) Multiplying afunction by a number between 0 and 1 yields a vertical compression.

3. (B) Remember that for P(x) to be continuousat x=-3, P(-3) and Iirp3 P(x) must each exist, and they
must be equal. f satisfiesthe conditions, since f(x)=lim f (x) = 2 everywhere. g(—3) doesnot exist. his
good, since Iirpsh(x) =-5=h(-3). j(-3) doesnot exist.

4. (C) f(x)=Arccos(x) hasarestricted range of [0, 7] . Arccos(cos%[j = Arccos(—%j , and the only value

on [0, ] that worksis %ﬂ

5. (B) For dl rationa functions where the polynomial in the denominator has a higher degree than the
polynomial in the numerator.

2\Y
(X):X_zzx

2y

2y-2

2 .
X X

6. (E)

7. (B) Toget thegraph of f (|x|) , discard the | eft side of the graph of f and replace it with areflection of the
right side over the y-axis.

8. (A) Usingright-triangletrig, cosA=sin B:% ,and cosB =sin A:%. Y ou can either pummel through

the doubl e application of identities, or use alittle finesse.
cos(2A+ B) = cos(2A) cos(B) —sin(2A) sin(B) = (cos” A—sin® A)(cosB) —(2sin AcosA) (sinB) =

SR

Since B=2— A,cos(2A+B) =cos(2A+£— Aj = cos(A+£j = cosAcos” —sinAsinZ = —sin A= —i.
2 2 2 2 2 J5
Either way, 5csc Alcos(2A+B)|= 5\/5(%] =5.

3

5
9. (D) d=4+5+3=12, b = (—3)4(3 @’ =%, and ¢ = (1)4(3)5(3 _o.
10. (A) Select the function where the factor (x—3), corresponding to aroot of 3, has an even multiplicity.

11. (B) fiseven, and gisodd. An even function multiplied by an odd function yields an odd function.
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2
12. (B) Notethat logN =2. Then: Iog(MWj:Iog(MZ)—Iog(N):ZIogM —logN =14-2=12.

13.(C) Let x= 39—%=1204 7 . Substitute; sinx:—g yields the solutions x:%+2kn=(4+6k)% &

x=5§+2kn (5+6k)% wherek isan integer. So

- 4+ 6k 19+ 24k
120 ﬂz( +0 )7[—>366’—37r:167r+24k7r—>6’:M
4 3 36
1207 _(S+OK)7T | asp 30— 200+ 28k > 0= (B2
4 3 36
The only values of kthat yield 6 on [0, 27) in each solution are 0, 1, and 2. So there are 6 total solutions.

, and

14. (A) For evenvauesof n, r = Acos(n9) produces an evenly distributed 2n-petal graph (each petal having
length A) , with one petal on the positive x-axis.

15. (C) |cosﬂ|=% — |tanﬂ|=l—52.As 23%33 —msﬁs%ﬂ, B liesin Quadrant 111, and tan 8 > 0.

16. (C) Using the standard form f (x) = Acos(co(x— P)) +B, h(a)= 4005( 3; (a —ED + 2. Theamplitude

7T
iISA=4,theperiodis 2—7[: Zﬂ- > :£=3.§, the phase shift is P:i , and al sinusoids are periodic.
0] 1 3z 3 3r

| .8.7.6-51 |
17. (C) Thereare ,C, = o = 98765 =126 total possibilities. But the ;C, :i:S combinations from
415! (4-3-2)(9!) 411

only Pedro’s group and ,C, =1 combination using only Emily’s group must be subtracted.

18. (A) If you don’t know your % intervals of the unit circle, then trudge through the angle sum identity to

find that cos e = C0oS I + 27 = C0oS 3—”+£ = cos?’—ﬂ-cosZ - sin:)’—”-sinZ :—_\/E_\/E. Th

abscissa (x-coordinate) is r cosf = (\/_)( 2~ \/_J:—Z—Z\/é.

19. (B) cot0=% and is undefined where sin@ = 0, which is along the x-axis, at all values of kr .

1+2 3+4 9+8 27+16 81+32
+ + + +

20. (C) Aninsightful severingisrequired. The series equals
(©) g 9ISt ™ 16 64 256 1024

separate them. 1+i+i+£+... is an Infinite Geometric Series where alz1 and r=§; itssumis
4 16 64 256 4 4

ﬁ=1. 2+i+£+£+... = l+1+l+i+... isalsoan IGS. alz1 and rzl;itssumis

1-.75 4 16 64 256 2 4 8 16 2 2

5

=1. Andthenl1+1=2.
1-5
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21. (E) Thedot product of two vectorsisascalar, and all the choices are vectors. The actua valueis
QO +((-4)=7.

22. (D) mzU =30°, and the area of thetriangleis%(MU)(YU)sinSO". We just need to find YU. Law of

Sines. Sn100 :sm50 - ﬂx:m ! — x=@. Theareais1 14110031 =@z39.
14 X 50 9 9 201 9 J\2 9

f(9-f@) _24-6_

23.(C
©) 3-1 2

9.

24. (B) A factor is (x—4) . Find the other factor. x=3-i — x-3=-i » (x-3%=-1— x*—6x+10=0,
S0 g(X) =+(x—4)(x*—6x+10), and |g(2)| =|(1- 4)(1- 6+10)| =15.

25. (B) The wheel’s circumference is 12, so the wheel travels 480 feet per minute. Do unit conversions, and
480ft _ 1mile _ 60min _ 60
X X =—mph ~ 5mph.

min  5280ft hour 11

26. (D) Note that the expansionis ax 2 +bx ™ +cx ™ +d +...+ hx®, so the 4™ term is the constant. By the

(4 B} |
binomial theorem, the 4™ term is ,C,, ,, (2x‘3 )7 ) (x")(4 g 47—:'3”(16X_12)(X12) = (35)(16) =560.

27. (A) In general form, cot(20) = A;BC = 1;24 = —g .

28. (C) The denominator factors as x(x—1)>. Remember that repeated factors must be represented

. : : e X+2 A B C
appropriately. The partial fraction decomposition is (1) = ;+ x—1+ (1)
original denominator, x+ 2= A(x—1)*+ Bx(Xx—1)+Cx = (A+ B)X* + (-2A—B+C)x+ (A) . Some quick

A+B=0
substitution solves the system 1 —2A-B+C =1 torevea thaa A=2,B= -2,and C=3.

A=2

. Multiplying by the

|AM +BN—C|_|3+2+3_£:2\/§'

JA B V1+4 B

29. (B) The distance from the point (M, N) totheline Ax+By=C is

30.(B) v—1=i=cis90°. By DeMoivre’s Theorem, if X" =cis@ for whole values of n, then
. 0 360°

Xx=cis— * k-

n n

x}=cis90° — x=cis30°, cis150°, cis270° .

, Where k is an integer, and only thefirst n values of k are distinct.
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Middleton I nvitational February 2006
Precalculus Team (no calculator) Question # 1

Each of the following statements has a value, indicated by the number in brackets.
Find the sum of the values of the true statements.

[1] Zeroisaprime number.

(x+2)? . (y+3)?
5

[2] Theé€llipse with equation =1 hasarea 20r .

[4] The distance between the three-dimensional points (5, 4, 2) and (3, 6, 1) is 3.

2

[8] If f(x)=2(3x3—5xj,then f(3)=-15+3V3.

[16] Thevector <1,1> isaunit vector.

Middleton I nvitational February 2006
Precalculus Team (no calculator) Question # 2

A = the greatest solution to the equation 15— 6x = x* + 24
B = theradius of the circle with equation x* +62 =87 - y?

C = log, 256

- ()

A—Bj_z

Find: (
C+D
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Precalculus Team (no calculator) Question # 3
_Xx+3
Let f()=——"
A= f(§j B= lim (f(x)) C= f(0)
2 x—>—4

D =the y-intercept of the graph of f(x)

Findt CD-+AB .

Middleton I nvitational February 2006
Precalculus Team (no calculator) Question #4

Let f(x)=9g(2x-1).

A =theperiod of f, when g(x) =tanx

Theequation x =B isthevertical asymptote of f, when g(x):?)—l4
X+

Theinterval (C, o) isthedomain of f, when g(x)=10g, x

Find: 120A )
7BC
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Precalculus Team (no calculator) Question #5

f(X) =ax’ +bx* —ax’ —bx* + ax+ b, wherea and b are positive integers.

Let M bethe greatest real root of f(X).

Let N be the leading coefficient of f (—fj.
a

Let P be the y-intercept of f(x)+b .
a

LetQbe f(-1)+ f(D).

Express the product MNPQ in terms of a and b without the use of negative exponents.

Middleton I nvitational February 2006
Precalculus Team (no calculator) Question # 6

Write the domain of each function given below in interval notation.

f(X)=+4-X g(x)zg h(x) = ¥xC — 64 i(x) = 1

x> —16

Let A be the number of times you wrote the union (u) symbol.

Let B be the number of functions that include 4 in their domain.
Let C be the number of times you wrote —o.

Let D be the number of functions that include O in their domain.

Find A +10B + 100C + 0.1D .
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Precalculus Team (no calculator) Question # 7

A = cos@ , if 0 isthe angle between the vectors <8,15> and < -8,6 >

B =sn@, if 6 isthesmallest anglein aright triangle with legs measuring 20 and 48.
C = cotd, if sech = cso(20) and 0<9<%.

D = tan@, if 6 isthe acute angle between the x-axis and the line with equation x—3y=4.

Find the product ABC?D.

Middleton I nvitational February 2006
Precalculus Team (no calculator) Question # 8

Each of the nine lettersin theword MIDDLETON iswritten on aball and placed in a bag.

W = the probability that two balls selected at random, without replacement, both have vowels on
them.

X:Y =the odds that two balls selected at random, with replacement, have the same letter.
Z = The number of distinct linear arrangements of all the lettersin MIDDLETON.

Find Wz

X2y’




Middleton I nvitational
Precalculus Team (no calculator)

February 2006
Question #9

. —CosXx+tanx+1
A=lim
x—0 X

. 3+ Xx—6x -2
B=lim—;
-2 4x°-13x+10

C = lim(x)

X—3

D= lim(x*)

X—>0

Find: 4A +3B+2C+D

Middleton I nvitational
Precalculus Team (no calculator)

February 2006
Question # 10

Thefunction f(x) isgraphed to theright.

Marked points have integral coordinates.
Increments on both axes are 1.

A = The number of valuesof x at which
f (X) isdiscontinuous on the interval
(=»,0)

B= lim ()
C= (-2

D = The number of solutionsto the equation f ™(x) =2

f(X)

E = The number of solutions to the equation — - 1

Find: A+3B+5C + 7D + 11E
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Precalculus Team (no calculator) Question# 11

Giventhat 3 isaroot of the polynomia b(x) =10x> —11x* — 72X+ 45:

Let F bethe least root of b.
Let G bethe greatest root of b.

Let H = b(0.2).

Findt H-F?+2G.

Middleton I nvitational February 2006
Precalculus Team (no calculator) Question # 12

The polar point (—6,%) has rectangular coordinates (A, B).

The vertex of the parabolawith polar equation r = m has rectangular coordinates (C, D).

The ellipse with equation x* + 4y’ —4x+8y =0 has eccentricity E.

Find: 2A +4B + 6C + 8D + 10E .
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Precalculus Team (no calculator) Question # 13

Find sin?(0.50) - cos(—20) - csc® 6 - cot(0.57 — ) , when cos®0 =0.36 and 6 isan anglein standard
position with itsterminal side in Quadrant I.

Middleton I nvitational February 2006
Precalculus Team (no calculator) Question # 14

Let thevectors A=<3,-1> and B=<-3,2> .
2A-4B=<mn>
Ais orthogonal to the vector <5, p>.

Bisparallel to the vector <5, t>.

Find: m+n—Tp.
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Precalculus Team (no calculator) Question # 15

Find the number of distinct solutions to the equation (cosx)(sin x) =0 on theinterval [0,10].
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Precalculus Team Solutions

1. Zeroisneither prime nor composite.

4 The ellipse in question has area abr = 27/5.

2
3

The distance between the pointsisindeed 3 (V2% + 22 +1%) (3)=3(3)® —5(3) =-15+3%9 .
Unit vectors have magnitude 1, and this vector has magnitude V12 +1% = /2.

2. A=-3. xX*+6x+9=0 — (x+3°=0 — x=-3

9 B=5 xX+y’=25 —r=5 c=4 p=—t -1 5
1 st (2
2
3 9
i+3 =
10| 3 A2 -2 _9 _4+3_1
3 , 5 5 —4-4" 8
2 2
£(0) isequal to the solution to f(x)=0, 0 C =-3. D= f(0)=—%
_720 . _ B . 7Z'_7Z'
4. Theperiod of f(x)=tan(2x-1) IS__E'
0]

1 1
3(2x-1)+4 6x+1
The argument of alogarithm must be positive,

so the domain of f (x) = log, (2x~1) is (%ooj

The asymptote of f(x) = is x=—%.

0 5. Factor, and f(x) = x*(ax+b) — x*(ax+b) +1(ax+b) = (x* — x* +1)(ax+b). Thefirst factor yields
at nonreal roots, so the only real root is —9.
a
X X\’ -1
The leading coefficient of f(——]za(——] +...:—4x5+... is—a™.
a a a
They—interceptofM:...+H=...+2—b isz—b.
a a a a

f(-)=-a+b+a-b-a+b=-a+b. f()=a+b-a—-b+a+b=a+b.
fQ+f(-)=-a+b+a+b=2b.

3
Theproduets -2 - L) 2] 2%
a/l a)la/l1 a



4333 | 6 f(¥): (-0,4] 9(X): (—o0,0) U (0,) h(x) : (—o0,0)

J(X) : (—o0,—4) U (—4,4) U (4,0)

A=3, B=3, C=4 D=3

1 7. A= UV _0A+%0 13 5-20_5
17 Jullvl  (27)@0) 85 52 13
secH =csc(20) — t : 1 — 2sinfcosf =cosf® — cosf(2sinf-H)=0 —
cosf sin(20)

cosOd =0 or sinezé. Only % works, so C =cotf =+/3.

thanQ:m:l.
3
reco-(g| 55 )5) -5
g5 \13)\1)\3) 17
135
150 ¢ W:(Ej(éj:i [Ej(éj:i L XiY=4:77
11 9)\s) 12 9)lg) 81
9 9
212
w (2)e0T o222
—=\12 2 16 )\ 77 ) ===
X2Y 11

- 9. A= ”m—cosx+tanx+1: ”m(—cosx+1j+“m(tanxj:O+1:1

X—0 X X—0 X Xx—0 X

A +x-6x2-2 (3¢+1)(x-2) 3x?11
= = X#2

Let f(x)= 2 - - ,
4x°-13x+10  (x—-2)(4x-5) 4x-5
2
Then B=limf(x) =22 *1_13
Y A2)-5 3

c=3
D=|im(1j:o.
X—0 X

31 | 10. A=2, B=2 C=-2 D=0, E=3




| on
\l
Ul
»

195 11 b(X):(2X+5)(5X—3)(X—3). F:—Z, G:3, H:2_5
12. A=—6005%:—3; B:—GSin%:?y\/@
_7+1743
=1 — 3r=1+3rcosh — 3YX’+Yy* =1+3x — IX°+9y* =’ +6x+1 —
3—3cos6
9y’ =6x+1 — 9(y+0)2=6(x+%j - C:—%; D=0
_9\2 2
X —Ax+4+ 4y’ +2y+1) = 8 — (x=2) +(y+1) =1. E:E:@: §:£
8 2 a 8 V4 2
e 13, cogh=>2 _, cosezgzg; sno=2 ;csc@=§; tan@ = &
48 100 10 5 5 4 3
1-cos6O ’
sin2(0.50)-cos(—20)-csc30-cot(0.57r—0)=( 5 ](—sin20+00520)(csc30)(tan0):
2
2
Ve -2 troemre-2
g 25 25)\4)\ 3 5)N\25) 64 )\ 3 48
1
14. 2A-4B = <6,-2>+<12,-8> = <18,-10> — m=18 n=-10
<3-1>e<5p>=0 —> 15-p=0 —> p=15
25 -3 5 10
£ B
2 2 t 3
(or 12.5)
15
_P_1g 104l
m+n " =18 1O+E_ > (or 12.5)
3
~ |15, x=XT on 1010 > x= 0.5 7.5 22,27 31
2 2 2 2




