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Objectives

� Solve direct variation
problems.

� Solve inverse variation
problems.

� Solve combined variation
problems.

� Solve problems involving joint
variation.

Modeling Using Variation

Have you ever wondered how
telecommunication companies

estimate the number of phone calls
expected per day between two cities?
The formula

shows that the daily
number of phone calls,
increases as the populations of the cities, and in

thousands, increase and decreases as the distance, between the
cities increases.

Certain formulas occur so frequently in applied situations
that they are given special names. Variation formulas show how
one quantity changes in relation to other quantities. Quantities
can vary directly, inversely, or jointly. In this section, we look at

situations that can be modeled by each of these kinds of variation.And think of this:
The next time you get one of those “all-circuits-are-busy” messages, you will be able
to use a variation formula to estimate how many other callers you’re competing
with for those precious 5-cent minutes.

Direct Variation
When you swim underwater, the pressure in your ears depends on the depth at
which you are swimming. The formula

describes the water pressure, in pounds per square inch, at a depth of feet. We can
use this linear function to determine the pressure in your ears at various depths:

If d = 20, p=0.43(20)= 8.6.

If d = 40, p=0.43(40)=17.2.

Doubling the depth doubles the pressure.

If d = 80, p=0.43(80)=34.4.

Doubling the depth doubles the pressure.

dp,

p = 0.43d
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P2 ,P1

C,
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Sec t i on 2.8

111. a. If find the value of using and 

b. Substitute the value for into and write the

resulting equation.

c. Use the equation from part (b) to find when 

112. If find the value of using 

and S = 12,000.

A = 60,000, P = 40,kS =

kA
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k
x
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y = 12.x = 8ky =

k
x

,Preview Exercises

Exercises 110–112 will help you prepare for the material covered
in the next section.

110. a. If find the value of using and 

b. Substitute the value for into and write the
resulting equation.

c. Use the equation from part (b) to find when x = 5.y

y = kx2k

y = 64.x = 2ky = kx2,

� Solve direct variation problems.

At a depth of 20 feet, water pressure is 8.6 pounds
per square inch.

At a depth of 40 feet, water pressure is 17.2 pounds
per square inch.

At a depth of 80 feet, water pressure is 34.4 pounds
per square inch.

The formula illustrates that water pressure is a constant multiple
of your underwater depth. If your depth is doubled, the pressure is doubled; if
your depth is tripled, the pressure is tripled; and so on. Because of this, the

p = 0.43d
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370 Chapter 2 Polynomial and Rational Functions

Direct Variation
If a situation is described by an equation in the form

where is a nonzero constant, we say that varies directly as or is directly
proportional to The number is called the constant of variation or the
constant of proportionality.

kx.
yxyk

y = kx,

Solving Variation Problems

1. Write an equation that models the given English statement.

2. Substitute the given pair of values into the equation in step 1 and solve for 
the constant of variation.

3. Substitute the value of into the equation in step 1.

4. Use the equation from step 3 to answer the problem’s question.

k

k,

pressure in your ears is said to vary directly as your underwater depth. The
equation of variation is

Generalizing our discussion of pressure and depth, we obtain the following
statement:

p = 0.43d.

Can you see that the direct
variation equation, is a
special case of the linear function

When and
becomes

Thus, the slope of a direct
variation equation is the con-
stant of variation. Because the

is 0, the graph of a
direct variation equation is a line
passing through the origin. This is
illustrated in Figure 2.47, which
shows the graph of 
Water pressure varies directly as
depth.

p = 0.43d:

y-intercept,
b,

k,
y = kx.
b = 0, y = mx + b

m = ky � mx � b?

y � kx,

Problems involving direct variation can be solved using the following
procedure. This procedure applies to direct variation problems, as well as to the
other kinds of variation problems that we will discuss.

Solving a Direct Variation
Problem

The volume of blood, in a person’s body
varies directly as body weight, A person
who weighs 160 pounds has approximately
5 quarts of blood. Estimate the number of
quarts of blood in a person who weighs 200
pounds.

W.
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EXAMPLE 1
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Figure 2.47 Water pressure at various depths
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Section 2.8 Modeling Using Variation 371

Solution
Step 1 Write an equation. We know that varies directly as is expressed as

By changing letters, we can write an equation that models the following English
statement: The volume of blood, varies directly as body weight,

Step 2 Use the given values to find A person who weighs 160 pounds has
approximately 5 quarts of blood. Substitute 160 for and 5 for in the direct
variation equation. Then solve for 

The volume of blood varies directly as body weight.

Substitute 160 for and 5 for 

Divide both sides by 160.

Express or in decimal form.

Step 3 Substitute the value of into the equation.

Use the equation from step 1.

Replace the constant of variation, with 0.03125.

Step 4 Answer the problem’s question. We are interested in estimating the
number of quarts of blood in a person who weighs 200 pounds. Substitute 200 for 
in and solve for 

This is the equation from step 3.

Substitute 200 for 

Multiply.

A person who weighs 200 pounds has approximately 6.25 quarts of blood.

Check Point 1 The number of gallons of water, used when taking a shower
varies directly as the time, in minutes, in the shower. A shower lasting 5 minutes
uses 30 gallons of water. How much water is used in a shower lasting 11 minutes?

The direct variation equation is a linear function. If then the
slope of the line is positive. Consequently, as increases, also increases.

A direct variation situation can involve variables to higher powers. For
example, can vary directly as or as x3 1y = kx32.x2 1y = kx22y

yx
k>0,y � kx

t,
W,

 = 6.25

W. B = 0.0312512002

 B = 0.03125W

B.B = 0.03125W
W

k, B = 0.03125W

 B = kW

k

1
32 ,5

160 , 0.03125 = k

 
5

160
=

k # 160
160

B.W 5 = k # 160

 B = kW

k.
BW

k.

B = kW

W.B,

y = kx.

xy

Direct Variation with Powers
varies directly as the power of if there exists some nonzero constant 

such that

We also say that is directly proportional to the power of x.nthy

y = kxn.

kxnthy

Direct variation with whole number powers is modeled by polynomial functions.
In our next example, the graph of the variation equation is the familiar parabola.
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372 Chapter 2 Polynomial and Rational Functions

Solving a Direct Variation Problem

The distance, that a body falls from rest varies directly as the square of the time,
of the fall. If skydivers fall 64 feet in 2 seconds, how far will they fall in 4.5 seconds?

Solution
Step 1 Write an equation. We know that varies directly as the square of is
expressed as

By changing letters, we can write an equation that models the following English
statement: Distance, varies directly as the square of time, of the fall.

Step 2 Use the given values to find Skydivers fall 64 feet in 2 seconds.
Substitute 64 for and 2 for in the direct variation equation. Then solve for 

Distance varies directly as the square of time.

Skydivers fall 64 feet in 2 seconds.

Simplify: 

Divide both sides by 4.

Simplify.

Step 3 Substitute the value of into the equation.

Use the equation from step 1.

Replace the constant of variation, with 16.

Step 4 Answer the problem’s question. How far will the skydivers fall in 4.5
seconds? Substitute 4.5 for in and solve for 

Thus, in 4.5 seconds, the skydivers will fall 324 feet.
We can express the variation equation from Example 2 in function

notation, writing

The distance that a body falls from rest is a function of the time, of the fall. The
parabola that is the graph of this quadratic function is shown in Figure 2.48. The
graph increases rapidly from left to right, showing the effects of the acceleration of
gravity.

Check Point 2 The weight of a great white shark varies directly as the cube of
its length. A great white shark caught off Catalina Island, California, was 15 feet
long and weighed 2025 pounds. What was the weight of the 25-foot-long shark in
the novel Jaws?

Inverse Variation
The distance from San Francisco to Los Angeles is 420 miles. The time that it takes
to drive from San Francisco to Los Angeles depends on the rate at which one drives
and is given by

For example, if you average 30 miles per hour, the time for the drive is

or 14 hours. If you average 50 miles per hour, the time for the drive is

Time =

420
50

= 8.4,

Time =

420
30

= 14,

Time =

420
Rate

.

t,

s1t2 = 16t2.

s = 1614.522 = 16120.252 = 324

s.s = 16t2t

k, s = 16t2

 s = kt2

k

 16 = k

 
64
4

=

4k

4

22
= 4. 64 = 4k

 64 = k # 22

 s = kt2

k.ts
k.

s = kt2

t,s,

y = kx2.

xy

t,s,
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Figure 2.48 The graph of s1t2 = 16t2

� Solve inverse variation problems.
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Section 2.8 Modeling Using Variation 373

or 8.4 hours.As your rate (or speed) increases,
the time for the trip decreases and vice versa.
This is illustrated by the graph in Figure 2.49.

We can express the time for the San
Francisco–Los Angeles trip using for time
and for rate:

This equation is an example of an inverse
variation equation. Time, varies inversely as
rate, When two quantities vary inversely,
one quantity increases as the other decreases
and vice versa.

Generalizing, we obtain the following statement:

r.
t,

t =

420
r

.

r
t

T
im

e 
fo

r T
ri

p 
(h

ou
rs

)

t

r

5

10

15

20

25

Driving Rate (miles per hour)
20 40 60 80 100 120

Averaging 30 mph,
the trip takes 14 hours.

Averaging 50 mph,
the trip takes 8.4 hours.

420
r t =

Figure 2.49

y

x

k
xy = , k > 0 and x > 0

Figure 2.50 The graph of the inverse
variation equation

Inverse Variation
If a situation is described by an equation in the form

where is a nonzero constant, we say that varies inversely as or is inversely
proportional to The number is called the constant of variation.kx.

yxyk

y =

k
x

,

Notice that the inverse variation equation

is a rational function. For and the graph of the function takes on the
shape shown in Figure 2.50.

We use the same procedure to solve inverse variation problems as we did to
solve direct variation problems. Example 3 illustrates this procedure.

Solving an Inverse Variation Problem

When you use a spray can and press the valve at the top, you decrease the pressure
of the gas in the can. This decrease of pressure causes the volume of the gas in the
can to increase. Because the gas needs more room than is provided in the can, it
expands in spray form through the small hole near the valve. In general, if the
temperature is constant, the pressure, of a gas in a container varies inversely as
the volume, of the container. The pressure of a gas sample in a container whose
volume is 8 cubic inches is 12 pounds per square inch. If the sample expands to a
volume of 22 cubic inches, what is the new pressure of the gas?

Solution
Step 1 Write an equation. We know that varies inversely as is expressed as

By changing letters, we can write an equation that models the following English
statement: The pressure, of a gas in a container varies inversely as the volume,

Step 2 Use the given values to find The pressure of a gas sample in a container
whose volume is 8 cubic inches is 12 pounds per square inch. Substitute 12 for and
8 for in the inverse variation equation. Then solve for k.V

P
k.

P =

k

V

V.P,

y =

k
x

.

xy

V,
P,

EXAMPLE 3

x 7 0,k 7 0

y =

k
x

, or f1x2 =

k
x

,

2P

2V

P

V

Doubling the pressure
halves the volume.
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374 Chapter 2 Polynomial and Rational Functions

Pressure varies inversely as volume.

The pressure in an 8 cubic-inch
container is 12 pounds per square inch.

Multiply both sides by 8.

Simplify.

Step 3 Substitute the value of into the equation.

Use the equation from step 1.

Replace the constant of variation,
with 96.

Step 4 Answer the problem’s question. We need to find the pressure when the
volume expands to 22 cubic inches. Substitute 22 for and solve for 

When the volume is 22 cubic inches, the pressure of the gas is pounds per 
square inch.

Check Point 3 The length of a violin string varies inversely as the frequency of
its vibrations.A violin string 8 inches long vibrates at a frequency of 640 cycles per
second. What is the frequency of a 10-inch string?

Combined Variation
In combined variation, direct and inverse variation occur at the same time. For
example, as the advertising budget, of a company increases, its monthly sales,
also increase. Monthly sales vary directly as the advertising budget:

By contrast, as the price of the company’s product, increases, its monthly sales,
decrease. Monthly sales vary inversely as the price of the product:

We can combine these two variation equations into one combined equation:

The following example illustrates an application of combined variation.

Solving a Combined Variation Problem

The owners of Rollerblades Plus determine that the monthly sales, of its skates
vary directly as its advertising budget, and inversely as the price of the skates,
When $60,000 is spent on advertising and the price of the skates is $40, the monthly
sales are 12,000 pairs of rollerblades.

a. Write an equation of variation that describes this situation.

b. Determine monthly sales if the amount of the advertising budget is increased
to $70,000.

P.A,
S,

EXAMPLE 4

kA

P
S= .

Monthly sales , S, vary directly
as the advertising budget, A,
and inversely as the price of

the product, P.

S =

k

P
.

S,P,

S = kA.

S,A,

4 
4
11

P =

96
V

=

96
22

= 4 
4
11

P.V

k, P =

96
V

 P =

k

V

k

 96 = k

 12 # 8 =

k

8
# 8

 12 =

k

8

 P =

k

V

� Solve combined variation
problems.
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Section 2.8 Modeling Using Variation 375

Solution

a. Write an equation.

Use the given values to find 

When $60,000 is spent on advertising
and the price is $40

monthly sales are 12,000 units

Divide 60,000 by 40.

Divide both sides of the equation by 1500.

Simplify.

Therefore, the equation of variation that models monthly sales is

Substitute 8 for in 

b. The advertising budget is increased to $70,000, so The skates’
price is still $40, so 

This is the equation from part (a).

Substitute 70,000 for and 40 for 

Simplify.

With a $70,000 advertising budget and $40 price, the company can expect to sell
14,000 pairs of rollerblades in a month (up from 12,000).

Check Point 4 The number of minutes needed to solve an exercise set of
variation problems varies directly as the number of problems and inversely as
the number of people working to solve the problems. It takes 4 people 32 min-
utes to solve 16 problems. How many minutes will it take 8 people to solve
24 problems?

Joint Variation
Joint variation is a variation in which a variable varies directly as the product of
two or more other variables. Thus, the equation is read “ varies jointly as

and ”
Joint variation plays a critical role in Isaac Newton’s formula for gravitation:

The formula states that the force of gravitation, between two bodies varies jointly
as the product of their masses, and and inversely as the square of the distance
between them, ( is the gravitational constant.) The formula indicates that
gravitational force exists between any two objects in the universe, increasing as the
distance between the bodies decreases. One practical result is that the pull of the
moon on the oceans is greater on the side of Earth closer to the moon. This
gravitational imbalance is what produces tides.

Gd.
m2 ,m1

F,

F = G 

m1m2

d2 .

z.x
yy = kxz

 S = 14,000

P.A S =

8170,0002

40

 S =

8A

P

P = 40.
A = 70,000.

S =

kA
P

.kS =

8A

P
.

 8 = k

 12,000 = k # 1500

1S = 12,0002.
1P = 402,
1A = 60,0002 12,000 =

k160,0002

40

k.

kA

P
S=

Translate “sales vary directly as
the advertising budget and

inversely as the skates’ price.”

� Solve problems involving joint
variation.
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376 Chapter 2 Polynomial and Rational Functions

Modeling Centrifugal Force

The centrifugal force, of a body moving in a circle varies jointly with the radius of
the circular path, and the body’s mass, and inversely with the square of the
time, it takes to move about one full circle. A 6-gram body moving in a circle with
radius 100 centimeters at a rate of 1 revolution in 2 seconds has a centrifugal force
of 6000 dynes. Find the centrifugal force of an 18-gram body moving in a circle with
radius 100 centimeters at a rate of 1 revolution in 3 seconds.

Solution

Translate “Centrifugal force, varies jointly with 
radius, and mass, and inversely with the 
square of time, ”

A 6-gram body moving in a circle with 
radius 100 centimeters at 1 revolution in 
2 seconds has a centrifugal force of 6000 
dynes 

Simplify.

Divide both sides by 150 and solve for 

Substitute 40 for in the model for centrifugal force.

Find centrifugal force, of an 18-gram body
moving in a circle with radius 100 

centimeters at 1 revolution in 
3 seconds 

Simplify.

The centrifugal force is 8000 dynes.

Check Point 5 The volume of a cone, varies jointly as its height, and the
square of its radius, A cone with a radius measuring 6 feet and a height
measuring 10 feet has a volume of cubic feet. Find the volume of a cone
having a radius of 12 feet and a height of 2 feet.

120p
r.

h,V,

 = 8000

1t = 32.
1r = 1002

1m = 182
C,

 C =

40110021182

32

k C =

40rm

t2

k. 40 = k

 6000 = 150k

1C = 60002.
1t = 22

1r = 1002
1m = 62

 6000 =

k11002162

22

t.
m,r,

C,
 C =

krm

t2

t,
m,r,

C,

EXAMPLE 5

Exercise Set 2.8

Practice Exercises
Use the four-step procedure for solving variation problems given
on page 370 to solve Exercises 1–10.

1. varies directly as when Find when

2. varies directly as when Find when

3. varies inversely as when Find when

4. varies inversely as when Find when

5. varies directly as and inversely as the square of 
when and Find when and 

6. varies directly as and inversely as the square of 
when and Find when and 

7. varies jointly as and when and Find
when and z = 12.x = 8y

z = 5.x = 2z. y = 25xy

c = 8.b = 4ac = 6.b = 9
c. a = 7ba

z = 6.x = 3yz = 5.x = 50
z. y = 20xy

x = 9.
yx = 3.x. y = 6y

x = 2.
yx = 5.y = 12x.y

x = 13.
yx = 5.y = 45x.y

x = 12.
yx = 5.y = 65x.y

8. varies jointly as and when and
Find when and 

9. varies jointly as and and inversely as the square root of
when and Find when

and 

10. varies jointly as and the square of and inversely as 
when and Find when

and 

Practice Plus
In Exercises 11–20, write an equation that expresses each
relationship. Then solve the equation for

11. varies jointly as and 

12. varies jointly as and the square of 

13. varies directly as the cube of and inversely as 

14. varies directly as the cube root of and inversely as 

15. varies jointly as and and inversely as the square root of w.zyx

y.zx

y.zx

z.yx

z.yx

y.

p = 10.m = 3, n = 4,
yp = 6.m = 2, n = 1,y = 15

p.nmy

c = 9.a = 5, b = 3,
yc = 25.a = 3, b = 2,c. y = 12

bay

T = 6.A = 2400CT = 4.
A = 2100T. C = 175AC
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Section 2.8 Modeling Using Variation 377

16. varies jointly as and and inversely as the square of 

17. varies jointly as and the sum of and 

18. varies jointly as and the difference between and 

19. varies directly as and inversely as the difference between
and 

20. varies directly as and inversely as the sum of and 

Application Exercises
Use the four-step procedure for solving variation problems given
on page 370 to solve Exercises 21–36.

21. An alligator’s tail length, varies directly as its body length,
An alligator with a body length of 4 feet has a tail length of

3.6 feet. What is the tail length of an alligator whose body
length is 6 feet?

B.
T,

w.yzx

w.y
zx

w.yzx

w.yzx

w.zyx 26. The number of houses that can be served by a water pipe varies
directly as the square of the diameter of the pipe.A water pipe
that has a 10-centimeter diameter can supply 50 houses.
a. How many houses can be served by a water pipe that has

a 30-centimeter diameter?
b. What size water pipe is needed for a new subdivision of

1250 houses?
27. The figure shows that a bicyclist tips the cycle when making a

turn. The angle formed by the vertical direction and the
bicycle, is called the banking angle. The banking angle varies
inversely as the cycle’s turning radius. When the turning
radius is 4 feet, the banking angle is 28°. What is the banking
angle when the turning radius is 3.5 feet?

B,

Tail length, TBody length, B

22. An object’s weight on the moon, varies directly as its weight
on Earth, Neil Armstrong, the first person to step on the
moon on July 20, 1969, weighed 360 pounds on Earth (with all
of his equipment on) and 60 pounds on the moon. What is the
moon weight of a person who weighs 186 pounds on Earth?

23. The height that a ball bounces varies directly as the height
from which it was dropped. A tennis ball dropped from
12 inches bounces 8.4 inches. From what height was the
tennis ball dropped if it bounces 56 inches?

24. The distance that a spring will stretch varies directly as the
force applied to the spring. A force of 12 pounds is needed to
stretch a spring 9 inches. What force is required to stretch the
spring 15 inches?

25. If all men had identical body types, their weight would vary
directly as the cube of their height. Shown below is Robert
Wadlow, who reached a record height of 8 feet 11 inches
(107 inches) before his death at age 22. If a man who is 5 feet
10 inches tall (70 inches) with the same body type as
Mr. Wadlow weighs 170 pounds, what was Robert Wadlow’s
weight shortly before his death?

E.
M,

B°

28. The water temperature of the Pacific Ocean varies inversely
as the water’s depth. At a depth of 1000 meters, the water
temperature is 4.4° Celsius. What is the water temperature at
a depth of 5000 meters?

29. Radiation machines, used to treat tumors, produce an intensity
of radiation that varies inversely as the square of the distance
from the machine. At 3 meters, the radiation intensity is
62.5 milliroentgens per hour.What is the intensity at a distance
of 2.5 meters?

30. The illumination provided by a car’s headlight varies inversely
as the square of the distance from the headlight. A car’s head-
light produces an illumination of 3.75 footcandles at a distance
of 40 feet. What is the illumination when the distance is
50 feet?

31. Body-mass index, or BMI, takes both weight and height into
account when assessing whether an individual is underweight
or overweight. BMI varies directly as one’s weight, in pounds,
and inversely as the square of one’s height, in inches.
In adults, normal values for the BMI are between 20 and 25,
inclusive. Values below 20 indicate that an individual is
underweight and values above 30 indicate that an individual
is obese. A person who weighs 180 pounds and is 5 feet, or
60 inches, tall has a BMI of 35.15. What is the BMI, to the
nearest tenth, for a 170-pound person who is 5 feet 10 inches
tall. Is this person overweight?

32. One’s intelligence quotient, or IQ, varies directly as a person’s
mental age and inversely as that person’s chronological age.A
person with a mental age of 25 and a chronological age of 20
has an IQ of 125. What is the chronological age of a person
with a mental age of 40 and an IQ of 80?
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378 Chapter 2 Polynomial and Rational Functions

33. The heat loss of a glass window varies jointly as the window’s
area and the difference between the outside and inside
temperatures. A window 3 feet wide by 6 feet long loses 1200
Btu per hour when the temperature outside is 20° colder
than the temperature inside. Find the heat loss through a
glass window that is 6 feet wide by 9 feet long when the
temperature outside is 10° colder than the temperature
inside.

34. Kinetic energy varies jointly as the mass and the square of the
velocity. A mass of 8 grams and velocity of 3 centimeters per
second has a kinetic energy of 36 ergs. Find the kinetic energy
for a mass of 4 grams and velocity of 6 centimeters per second.

35. Sound intensity varies inversely as the square of the distance
from the sound source. If you are in a movie theater and you
change your seat to one that is twice as far from the speakers,
how does the new sound intensity compare to that of your
original seat?

36. Many people claim that as they get older, time seems to pass
more quickly. Suppose that the perceived length of a period of
time is inversely proportional to your age. How long will a year
seem to be when you are three times as old as you are now?

37. The average number of daily phone calls, between two cities
varies jointly as the product of their populations, and and
inversely as the square of the distance, between them.

a. Write an equation that expresses this relationship.

b. The distance between San Francisco (population:
777,000) and Los Angeles (population: 3,695,000) is
420 miles. If the average number of daily phone calls
between the cities is 326,000, find the value of to two
decimal places and write the equation of variation.

c. Memphis (population: 650,000) is 400 miles from New
Orleans (population: 220,000). Find the average number
of daily phone calls, to the nearest whole number,
between these cities.

38. The force of wind blowing on a window positioned at a right
angle to the direction of the wind varies jointly as the area of
the window and the square of the wind’s speed. It is known
that a wind of 30 miles per hour blowing on a window mea-
suring 4 feet by 5 feet exerts a force of 150 pounds. During a
storm with winds of 60 miles per hour, should hurricane shut-
ters be placed on a window that measures 3 feet by 4 feet and
is capable of withstanding 300 pounds of force?

39. The table shows the values for the current, in an electric
circuit and the resistance, of the circuit.R,

I,

k

d,
P2 ,P1

C,

Writing in Mathematics
40. What does it mean if two quantities vary directly?

41. In your own words, explain how to solve a variation problem.

42. What does it mean if two quantities vary inversely?

43. Explain what is meant by combined variation. Give an
example with your explanation.

44. Explain what is meant by joint variation. Give an example
with your explanation.

In Exercises 45–46, describe in words the variation shown by the
given equation.

45. 46.

47. We have seen that the daily number of phone calls between
two cities varies jointly as their populations and inversely as
the square of the distance between them. This model, used by
telecommunication companies to estimate the line capacities
needed among various cities, is called the gravity model.
Compare the model to Newton’s formula for gravitation on
page 375 and describe why the name gravity model is
appropriate.

Technology Exercise
48. Use a graphing utility to graph any three of the variation

equations in Exercises 21–30. Then along each
curve and identify the point that corresponds to the
problem’s solution.

Critical Thinking Exercises
Make Sense? In Exercises 49–52, determine whether each
statement makes sense or does not make sense, and explain
your reasoning.

49. I’m using an inverse variation equation and I need to
determine the value of the dependent variable when the
independent variable is zero.

50. The graph of this direct variation equation that has a positive
constant of variation shows one variable increasing as the
other variable decreases.

51. When all is said and done, it seems to me that direct variation
equations are special kinds of linear functions and inverse
variation equations are special kinds of rational functions.

52. Using the language of variation, I can now state the formula for
the area of a trapezoid, as, “A trapezoid’s
area varies jointly with its height and the sum of its bases.”

53. In a hurricane, the wind pressure varies directly as the square
of the wind velocity. If wind pressure is a measure of a hurri-
cane’s destructive capacity, what happens to this destructive
power when the wind speed doubles?

54. The illumination from a light source varies inversely as the
square of the distance from the light source. If you raise a
lamp from 15 inches to 30 inches over your desk, what hap-
pens to the illumination?

55. The heat generated by a stove element varies directly as the
square of the voltage and inversely as the resistance. If the
voltage remains constant, what needs to be done to triple the
amount of heat generated?

A =
1
2 h1b1 + b22,

� TRACE �

z = kx21yz =

k1x

y2

(amperes)I 0.5 1.0 1.5 2.0 2.5 3.0 4.0 5.0

(ohms)R 12.0 6.0 4.0 3.0 2.4 2.0 1.5 1.2

a. Graph the ordered pairs in the table of values, with
values of along the and values of along the

Connect the eight points with a smooth curve.

b. Does current vary directly or inversely as resistance? Use
your graph and explain how you arrived at your answer.

c. Write an equation of variation for and using one
of the ordered pairs in the table to find the constant of
variation. Then use your variation equation to verify the
other seven ordered pairs in the table.

R,I

y-axis.
Rx-axisI
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56. Galileo’s telescope brought about revolutionary changes in
astronomy. A comparable leap in our ability to observe the
universe took place as a result of the Hubble Space
Telescope. The space telescope was able to see stars and
galaxies whose brightness is of the faintest objects observ-
able using ground-based telescopes. Use the fact that the
brightness of a point source, such as a star, varies inversely as
the square of its distance from an observer to show that the
space telescope was able to see about seven times farther
than a ground-based telescope.

Group Exercise
57. Begin by deciding on a product that interests the group

because you are now in charge of advertising this product.
Members were told that the demand for the product varies
directly as the amount spent on advertising and inversely as
the price of the product. However, as more money is spent on
advertising, the price of your product rises. Under what
conditions would members recommend an increased expense

1
50

in advertising? Once you’ve determined what your product is,
write formulas for the given conditions and experiment with
hypothetical numbers.What other factors might you take into
consideration in terms of your recommendation? How do
these factor affect the demand for your product?

Preview Exercises
Exercises 58–60 will help you prepare for the material covered in
the first section of the next chapter.

58. Use point plotting to graph Begin by setting up a
partial table of coordinates, selecting integers from to 3,
inclusive, for Because is a horizontal asymptote,
your graph should approach, but never touch, the negative
portion of the 

In Exercises 59–60, use transformations of your graph from
Exercise 58 to graph each function.

59. 60. h1x2 = f1x2 + 1 = 2x
+ 1g1x2 = f1-x2 = 2-x

x-axis.

y = 0x.
-3

f1x2 = 2x.
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Chap te r 2

DEFINITIONS AND CONCEPTS EXAMPLES

2.1 Complex Numbers

a. The imaginary unit is defined as

The set of numbers in the form is called the set of complex numbers; is the real part and is the
imaginary part. If the complex number is a real number. If the complex number is an imaginary
number. Complex numbers in the form are called pure imaginary numbers.bi

b Z 0,b = 0,
baa + bi

i = 2-1, where i2
= -1.

i Figure 2.1,
p. 278

b. Rules for adding and subtracting complex numbers are given in the box on page 279. Ex. 1, p. 279

c. To multiply complex numbers, multiply as if they are polynomials. After completing the multiplication,
replace with and simplify.-1i2

Ex. 2, p. 280

d. The complex conjugate of is and vice versa. The multiplication of complex conjugates gives a
real number:

1a + bi21a - bi2 = a2
+ b2.

a - bia + bi

e. To divide complex numbers, multiply the numerator and the denominator by the complex conjugate of the
denominator.

Ex. 3, p. 281

f. When performing operations with square roots of negative numbers, begin by expressing all square roots in
terms of The principal square root of is defined by

2-b = i2b .

-bi.
Ex. 4, p. 282

g. Quadratic equations with negative discriminants have imaginary
solutions that are complex conjugates.

1b2
- 4ac 6 021ax2

+ bx + c = 0, a Z 02 Ex. 5, p. 283

2.2 Quadratic Functions

a. A quadratic function is of the form f1x2 = ax2
+ bx + c, a Z 0.

b. The standard form of a quadratic function is f1x2 = a1x - h22 + k, a Z 0.
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